Abstract. Let A be a finitary hereditary abelian category with enough projectives. We study the Hall algebra of complexes of fixed size over projectives. Explicitly, we first give a relation between Hall algebras of complexes of fixed size and cyclic complexes. Secondly, we characterize the Hall algebra of complexes of fixed size by generators and relations, and relate it to the derived Hall algebra of A . Finally, we give the integration map on the Hall algebra of 2-term complexes over projectives.
Introduction
The Hall algebra of a finite dimensional algebra A over a finite field k was introduced by Ringel [18] in 1990. Ringel [17, 18] proved that if A is representation-finite and hereditary, the Ringel-Hall algebra of A is isomorphic to the positive part of the corresponding quantized enveloping algebra. In order to give an intrinsic realization of the full quantized enveloping algebra via Hall algebra approach, one has managed to define the Hall algebra of a triangulated category satisfying some homological finiteness conditions (cf. [20] , [21] ). However, the root category of a finite dimensional algebra does not satisfy the homological finiteness conditions. In other word, the Hall algebra of a root category has not been defined.
In 2013, for each hereditary algebra A, Bridgeland [4] introduced an algebra, called the Bridgeland Hall algebra of A, which is the Hall algebra of 2-cyclic complexes over projective A-modules with some localization and reduction. He proved that the quantized enveloping algebra associated to A is embedded into the Bridgeland Hall algebra of A. This provides a beautiful realization of the entire quantized enveloping algebra by Hall algebras.
Inspired by Bridgeland's work, for each hereditary algebra A and any nonnegative integer m = 1, Chen and Deng [8] applied Bridgeland's construction to m-cyclic complexes over projective A-modules, and introduced the Bridgeland Hall algebra of m-cyclic complexes of A, whose algebra structure was characterized in [22] .
Cluster algebras were introduced by Fomin and Zelevinsky in [10] and later the quantum cluster algebras were introduced by Berenstein and Zelevinsky in [3] . In [9] , the author and his coauthors consider the Hall algebra of 2-term complexes over projective kQ-modules of a finite acyclic quiver Q, and realize the quantum cluster algebra with principal coefficients as a quotient algebra of the achieved algebra with some localization and twist.
In this paper, let A be a finitary abelian category with enough projectives and m be a positive integer. The purpose of this paper is to generalize the construction of Hall algebra of 2-term complexes over projectives to m-term complexes, and give a characterization on the algebra structure of the achieved algebra. In Section 2 we recall some homological properties of m-cyclic complexes and m-term complexes over projectives. We establish a relation between Hall algebras of m-cyclic complexes and m-term complexes in Section 3. From Section 4 on, we assume that A is hereditary. We characterize indecomposable objects in the categories of m-cyclic complexes and m-term complexes over projectives in Section 4. In order to study the Hall algebra of m-term complexes over projectives, in Section 5 we first give a characterization on the Hall algebra of bounded complexes over projectives, and relate it to the derived Hall algebra of A . Section 6 is devoting to characterizing the Hall algebra of m-term complexes over projectives by generators and relations. As an additional result, we give the integration map on the Hall algebra of 2-term complexes over projectives in Section 7.
Let us fix some notations used throughout the paper. Let k = F q be always a finite field with q elements. Let A be an (essentially small) finitary abelian k-category with enough projectives, and P ⊂ A be the subcategory consisting of projective objects. Given an exact category E, we denote by C b (E), K b (E) and D b (E) the category of bounded complexes over E, the bounded homotopy category, and the bounded derived category, respectively. The Grothendieck group of E and the set of isomorphism classes [X] of objects in E are denoted by K(E) and Iso (E), respectively. For any object M ∈ E we denote byM the image of M in K(E). For a finite set S, we denote by |S| its cardinality. For an object M in an additive category, we denote by Aut (M) the automorphism group of M, and set a M := |Aut (M)|.
Cyclic complexes and complexes of fixed size
In this section, we summarize some necessary homological properties of cyclic complexes and complexes of fixed size. We focus our attention on the complexes over projectives.
Cyclic complexes. For each positive integer
The category of m-cyclic complexes over A is denoted by C m (A). For notational simplicity, we write C 0 (A ) for the category C b (A ) of bounded complexes over A , and set Z 0 = Z. The bounded complexes are called 0-cyclic complexes. For each integer t, we have a shift functor
For m ≥ 0, let C m (P ) be the subcategory of C m (A ), which is consisting of m-cyclic complexes over P . In the sense of component-wise exactness, C m (P ) is closed under extensions. For any morphism f : Q → P of projectives, if m = 1 one defines
If m = 1 one defines
So each projective object P determines an object K P := C id P in C m (P). By [8, Lemma 2.3] , all indecomposable projective (injective) objects in C m (P ) are of the form K P [r] for some indecomposable object P ∈ P and r ∈ Z m . That is, C m (P ) is a Frobenius exact category.
2.2.
Complexes of fixed size. For each positive integer m, we consider the category C m (A ), it is the full subcategory of C b (A ) whose objects are the complexes
, which is consisting of m-term complexes over P . Clearly, C m (A ) is an abelian category, and C m (P ) is closed under extensions. Actually, C 1 (P ) = P . For m ≥ 2, the Auslander-Reiten theory and some homological properties of C m (P ) are studied in [2, 6, 7] . In fact, it is proved in [2] that C m (P ) is an exact category with enough projectives and injectives, and its global dimension is m − 1. Following [2] , given an object P ∈ P , we consider the following objects in C m (P ):
By [2, Corollary 3.9] , all indecomposable projective objects in C m (P ) are of the form T P for some indecomposable P ∈ P or J P [r] for some indecomposable P ∈ P and some r ∈ {0, 1, · · · , m − 2}; and all indecomposable injective objects in C m (P ) are of the form S P for some indecomposable P ∈ P or J P [r] for some indecomposable P ∈ P and some r ∈ {0, 1, · · · , m − 2}. Thus, for m ≥ 2, C m (P ) is not Frobenius. For m ≥ 2 and any morphism f : Q → P of projectives, define
So for each projective object P , we have that T id P = J P .
Hall algebras of m-cyclic complexes and m-term complexes
In this section, let m ≥ 1, we study the relation between Hall algebras of m-cyclic complexes and m-term complexes.
Given objects L, M, N ∈ A, let Ext
be the subset consisting of those equivalence classes of short exact sequences with middle term L. 
It is clear that
where
By the Riedtmann-Peng formula [16, 14] ,
In fact, in terms of alternative generators
, the product takes the form
which is the definition used, for example, in [18, 19] .
Let H (C m (A )) (resp. H (C m (A ))) be the Hall algebra of the abelian category C m (A ) (resp. C m (A )) as defined in Definition 3.
which is spanned by elements
Namely, as vector spaces, we have the decomposition H (C m (P )) = I ⊕ I ′ .
Lemma 3.3. I is an ideal of H (C m (P )).
Proof. We only prove for m > 1, since the case for m = 1 can be similarly proved. Let m > 1 and
We get that c 0 = 0, since f 1 is injective. This is a contradiction, and thus we conclude that
Hence, I is an ideal of H (C m (P )).
Theorem 3.4.
(1) There exists a surjective homomorphism of algebras
(2) There exists an isomorphism of algebras
) be the linear map defined on basis elements by
On the other hand, if d 0 = 0 and c 0 = 0, then by (3.2), we obtain that
where x ∈ I. Since χ(x) = 0, we obtain that
Therefore, χ is a homomorphism of algebras.
, and thus χ is surjective.
(2) Since χ(I) = 0, χ induces a surjective homomorphism of algebras
The injectivity of ρ follows from the fact that ρ sends the basis
4. Indecomposable objects in C m (P ) and C m (P )
From now onwards, we always assume that A is hereditary until the end of the entire paper. For each object M ∈ A , according to [4, Section 4.1], it has a minimal projective
Moreover, we have the following well-known Lemma 4.1. Given M ∈ A , each projective resolution of M is isomorphic to a resolution of the form
, for some R ∈ P and some minimal projective resolution
We define objects
By Lemma 4.1, we know that any two minimal projective resolutions of M are isomorphic, so C M and T M are well defined up to isomorphism. Now, let us give characterizations of indecomposable objects in C m (P ) and C m (P ).
, where r ∈ Z m , M ∈ A is indecomposable and P ∈ P is indecomposable, provide a complete set of indecomposable objects in C m (P ). Moreover, all K P [r] are the whole indecomposable projective-injective objects in C m (P ).
Lemma 4.3. For m ≥ 2, the objects S P , T M [r] and J P [r], where 0 ≤ r < m−1, M ∈ A is indecomposable and P ∈ P is indecomposable, provide a complete set of indecomposable objects in C m (P ). Moreover, all J P [r] and T P are the whole indecomposable projective objects; all J P [r] and S P are the whole indecomposable injective objects.
Proof. We only prove the first statement, since the others have been given in the previous section. Take an arbitrary object in C m (P )
For each 1 ≤ i < m, we have the short exact sequence
By the hereditary assumption, all the objects appearing in these sequences are projective. Thus the sequences split. That is, we can assume that
Writing M • as follows:
where and elsewhere
, we obtain that M • is the direct sum of the following two objects
• is the direct sum of the following two objects
Repeating this process, we get that M • has a direct sum decomposition
• is injective, we have the short exact sequence
we have that 0 ≤ r < m − 1. Therefore, we complete the proof.
Hall algebras of bounded complexes and derived Hall algebras
In order to study the Hall algebra of C m (P ), by reformulating [22, Theorem 3.2] we first give a characterization of the Hall algebra of C b (P ), and then relate it to the derived Hall algebra of A . These are similar to the results given in [13, Section 5.2].
Let H (C b (A )) be the Hall algebra of the abelian category C b (A ) as defined in Definition 3.1. Let H (C b (P )) be the subspace of H (C b (A )) spanned by the isomorphism classes of objects in C b (P ). Since C b (P ) is closed under extensions, H (C b (P )) is a subalgebra of the Hall algebra H (C b (A )). For objects M, N ∈ A, define
Since A is hereditary, it descends to give a bilinear form
known as the Euler form. Define the Hall algebra H tw (A ) to be the same vector space as H (A ), but with the twisted multiplication defined by
Given objects M • , N • ∈ C b (P ), there exists a positive integer m such that M • , N • ∈ C m (P ). Since the global dimension of C m (P ) is m − 1, we obtain that there exists a positive integer N such that for all i > N, Ext
locally homological finite. Thus, the Euler form of
is also well defined.
Lemma 5.1. For any M, N ∈ A and r, l ∈ Z, we have that
Proof. For any i ≥ 1, by [11, Lemma 3.1], we have that
Thus, (1-3) can be easily proved. Noting that Hom
Define the Hall algebra H tw (C b (P )) to be the same vector space as H (C b (P )), but with the twisted multiplication
For any P ∈ P and r ∈ Z, since K P [r] is projective-injective in C b (P ), we easily obtain that
Define the Hall algebra MH (A ) to be the localization of H tw (C b (P )) with respect to elements [K P [r] ] for all P ∈ P and r ∈ Z. For each r ∈ Z and α ∈ K(A ), by writing α =P −Q for some P, Q ∈ P , we define
For any α, β ∈ K(A ), it is easy to see that
Moreover, for any M • ∈ C b (P ) we have that
Given an object M ∈ A , for each r ∈ Z, we define 
where r, l ∈ Z, r ≤ l, α i ∈ K(A ) and M i ∈ A for r ≤ i ≤ l.
Given objects M, N, X, Y ∈ A , we denote by
and set
Applying the arguments similar to those in the proof of [22, Theorem 3.2] together with Lemma 5.1, we obtain the following Proposition 5.5. The Hall algebra MH (A ) is generated by the elements in
with the defining relations
where M, N ∈ A , α, β ∈ K(A ) and r, l ∈ Z. M | M ∈ Iso (A ), r ∈ Z} and the following relations
L ; (5.14)
Now we reformulate [13, Theorem 5.5] in the following Theorem 5.8. There is an embedding of algebras
defined on generators (with n > 0) by
Let T ∞ (A ) be the subalgebra of MH (A ) generated by elements K α,r with α ∈ K(A ) and r ∈ Z. By [13, Corollary 5.6], there is an isomorphism of algebraŝ
By [13, Corollary 5.7] , we know that MH (A ) is invariant under derived equivalences. The inverse ofΨ is the homomorphism
where we have written elements
In fact, these results above are essentially the same as those given by Gorsky in [11, Theorem 4.2]. However, the explicit map between the Hall algebra of C b (P ) and the derived Hall algebra is not given there, besides, the twist therein used only in the Hall algebra of C b (P ), not in the derived Hall algebra, not only involves C b (P ), but also K b (P ).
Hall algebras of m-term complexes
Since the global dimension of C m (P ) is m − 1, the Euler form of C m (P )
is well defined. Define the Hall algebra H tw (C m (P )) to be the same vector space as H (C m (P )), but with the twisted multiplication
For any projective-injective object J • ∈ C m (P ), we easily obtain that
for all M • ∈ C m (P ). Define the Hall algebra MH m (A ) to be the localization of H tw (C m (P )) with respect to elements [J • ] corresponding to projective-injective objects J • in C m (P ). It is easy to see that MH 1 (A ) is isomorphic to the group algebra
From now on, we let m ≥ 2. As before, for each 0 ≤ r < m − 1 and α ∈ K(A ), by writing α =P −Q for some P, Q ∈ P , we define
Moreover, for any M • ∈ C m (P ) we have that
Given an object M ∈ A , for each 0 ≤ r < m − 1, we define
For each object P ∈ P , we define
First of all, we give a basis in MH m (A ) as follows:
Proposition 6.1. MH m (A ) has a basis consisting of elements
where α r ∈ K(A ) and M r ∈ A for 0 ≤ r < m − 1, and P ∈ P .
Proof. It is similar to (5.3) that for any objects M, N ∈ A ,
Thus, for M 0 , M 1 , · · · , M m−2 ∈ A and P ∈ P , noting that S P is injective in C m (P ), we have that
for some a ∈ Z. By Lemma 4.3, we can easily complete the proof. 
Proof. Taking ϕ r = λ −1 • ψ r gives the desired homomorphism.
Combining Propositions 5.5, 6.1 and 6.2, we have the following Proposition 6.4. The Hall algebra MH m (A ) is generated by the elements in
J α,r * X M,l = X M,l * J α,r , J α,r * X P,m−1 = X P,m−1 * J α,r ; (6.13) J α,r * J β,r = J α+β,r , J α,r * J β,l = J β,l * J α,r , (6.14)
where M, N ∈ A , P, Q ∈ P and α, β ∈ K(A ).
Let T m−1 (A ) be the subalgebra of T ∞ (A ) generated by elements K α,r with α ∈ K(A ) and 0 ≤ r < m − 1.
Corollary 6.5. There is an embedding of algebras
Proof. Taking ι =Ψ −1 • λ gives the desired homomorphism.
Remark 6.6. MH 2 (A ) is used in [9] to realize quantum cluster algebra with principal coefficients as its subquotient.
7. Integration maps associated to Hall algebras of C 2 (P )
In this section, let E be a finitary exact category of global dimension at most one. By [12] , Definition 3.1 also applies to the exact category E. We also have the Riedtmann-Peng formula (3.1) in the Hall algebra H (E) of E.
Let T q (E) be the Z[q ± ]-algebra with a basis {X α | α ∈ K(E)} and the multiplication given by
where −, − is the Euler form on K(E). According to [15] , we recall the integration map on the Hall algebra H (E) as follows:
is a homomorphism of algebras.
Proof. For reader's convenience, we give the proof here. Given objects M, N ∈ E,
Since the global dimension of C 2 (P ) is equal to one, we can apply the integration map in Proposition 7.1 to the Hall algebra of C 2 (P ). Before doing this, we first give a characterization on the Grothendieck group K(C 2 (P )) of C 2 (P ). By [1, Proposition
Let P 1 , P 2 , · · · , P n be all indecomposable projective objects in A up to isomorphism. Fixing a minimal injective resolution of
we define the dimension vector dim on objects in C 2 (P ) by setting dim M • = (b 1 − a 1 , · · · , b n − a n , c 1 , · · · , c n ).
By the dual of Lemma 4.1, we obtain that dim M • does not depend on the minimality of injective resolutions. Thus, by the dual of Horseshoe Lemma (cf. [5, Theorem 12.8]), we get the additivity of dim . That is, for any short exact sequence
Lemma 7.2. The Grothendieck group K(C 2 (P )) is a free abelian group having as a basis the set
and there exists a unique group isomorphism f : K(C 2 (P )) −→ Z 2n such that f (M • ) = dim M • for each object M • in C 2 (P ).
Proof. For any object M • ∈ C 2 (P ), taking an injective resolution of M • as (7.1), we obtain that in K(C 2 (P ))M
This shows that {Ĵ P i ,Ŝ P i | 1 ≤ i ≤ n} generates the group K(C 2 (P )).
For any objects M • , N • ∈ C 2 (P ), it is clear that
since their minimal injective resolutions are isomorphic. Thus, the additivity of dim implies the existence of a unique group homomorphism f : K(C 2 (P )) −→ Z 2n such that
. Since the image of the generating set {Ĵ P i ,Ŝ P i | 1 ≤ i ≤ n} under the homomorphism f is the canonical basis of the free group Z 2n , this set is Z-linearly independent in K(C 2 (P )). It follows that K(C 2 (P )) is free and that f is an isomorphism.
Let Λ be the bilinear form on Z 2n obtained from the Euler form of C 2 (P ) by the isomorphism f in Lemma 7.2. Define the quantum torus associated to the pair {Z 2n , Λ} to be the Z[q ± ]-algebra T with a basis {X e | e ∈ Z 2n } and the multiplication given by X e * X f = q −Λ(e,f ) X e+f .
Corollary 7.3. The integration map
:
Remark 7.4. (Further directions) (1) Since the global dimension of C 2 (P ) is equal to one, we want to know whether the Hall algebra MH 2 (A ) has a bialgebra structure, or say, whether Green's formula on the Hall numbers of a hereditary abelian category holds in C 2 (P );
(2) Let Q be an acyclic quiver of n vertices, and take A to be the category of finite dimensional kQ-modules. Whether we can use the integration map in Corollary 7.3 to relate the Hall algebra MH 2 (A ) with quantum cluster algebras (with principal coefficients). Namely, Whether we can relate the integration map in Corollary 7.3 with the work in [9] .
